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Abstract. The following combinatorial theorems, some of which were 
known for every finite n in all infinite structures, are proved in ZFC 
for every infinite cardinal v in all sufficiently large structures, (a) A 
new extension of Miller's theorem [18]. (b) An upper bound of p + on 
the list-conflict-free number of p-uniform families of sets which satisfy 
C{p + ,u) for cardinals v and p > 3 w (n). (c) An upper bound of 3^ [y) 
on the coloring number of a graph with list-chromatic number v. (d) An 
extension to arbitrarily large cardinals of Komjath's comparison theo- 
rem [15] for No-uniform families of sets, (e) The extensions of Miller's 
theorem which were proved with the GCH by Erdos and Hajnal in the 
1960s, and by Komjath in the 1980s [2, 3, 14] and with the weaker axiom 
A(v,p) by Hajnal, Juhasz and Shelah [10]. 

The proofs rely on a consequence of Shelah's theorem in cardinal 
arithmetic [23], by which every infinite cardinal satisfies with all suffi- 
ciently larger cardinals certain useful arithmetic relations that generalize 
the relation of finite cardinals to infinite ones. 

1. Introduction 

'When you say "hill, " ' the Queen interrupted, T could show you 
hills, in comparison with which you 'd call that a valley. ' 

The Red Queen, Through the Looking-Glass. 

1.1. Shelah's new arithmetic finiteness. Infinite powers are not decid- 
able in ZFC, but finite powers are. The equation 

(1) A n = A 

holds for all n > and infinite A. This fact is useful. It implies that the 
closure of infinite subsets of a structure under countably many finit-place 
operation has the same cardinality as the subset, or, in other words, the 
equations (1) imply the Skolem-Lowenheim theorem. 
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As G. Konig discovered in 1904, for every cardinal K a , the smallest limit 
cardinal above a, fi = satisfies p K > p for all k > *V Therefore, the 

following formula holds if and only if x is a finite cardinal and x > 0: 

(2) (3,)(V y >,)y x = y. 

In particular, there is no general Skolem-Lowenheim theorem for struc- 
tures with infinitary operations. 

Recall now that 3o(x) = x, ~2 n+ \(x) = 2 3n(x ) and ^(x) = lim n<ul H n (x) 
for a cardinal x. As = Ko iff x < Hq, the quantified p in (2) can be 

replaced by the term D w (x). Also, y x = y can be strengthened to y z = y 
for all < z < We get the following arithmetic definition of finite 

cardinals: 

(3) (v s >xw)( v o<Ki(i)) y z = y- 

Consider now the next formula in the free variable x: 

( 4 ) ^y>^(x))(^w<^(x))(^w<z=dz<x,(x)) y [z] = y- 

The operation i s Shelah's revised power operation (see definition 2.1 
below) which for finite z and infinite y is the same as y z , and z = cfz means 
z is regular. So (4) is gotten from (3) by replacing "power" with "revised 
power" and weakening V <z<n u (x) *° ^w<z=ciz<n u (x) for some w < ^(x) 
which depends on y. 

Shelah's remarkable revised GCH theorem [23] asserts that (4) holds for 
all infinite cardinals x. 

The main point here is to use (5) below, which follows from (4), to prove 
in ZFC that for all infinite cardinals v, all structures of size > satisfy 
with v combinatorial relations which all infinite structures satisfy with all 
finite n. 

1.2. Statement of the results. In Section 2 we deduce from Shelah's re- 
vised GCH theorem the following property of the density function T>(y, x) = 
min{|D| : V C [y] x A {^ w e[y] x )(^zeT>) z C w}. For all cardinals x: 

(5) (y y >^ (x) )(V™ < JD(y,2 n (x)) = y. 

With (5) an asymptotic filtration theorem for anti-monotone set-functions 
is proved in Section 3. 

Section 4 applies the filtration theorem to results about families of sets. 
Miller's theorem that a p-uniform family for infinite p which satisfy condition 
C(p + ,n), that the intersection of every subfamily of size p + has cardinality 
< n, for some finite n, satisfies property B is extended yet again, following [2, 
14, 10] to derive from the condition C(is, p + ) a conclusion somewhat stronger 
than the existence of a disjoint refinement when p > ^wiy) (Theorem 4.7) in 
ZFC, for all cardinals v. From this extension two new theorems follow: an 
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upper bound of p + on the list-conflict-free number of a p-uniform family of 
sets which satisfies C(p + , v) for p > ^Xj{v) and an extension to uncountable 
cardinals of Komjath's comparison theorem [14] for Ko- un if° rm families. 
Also, as corollaries of Theorem 4.7 all additional axioms are eliminated from 
extensions of Miller's theorem which were proved by Erdos and Hajnal [2] 
and Komjath [14] from the GCH, and by Hajnal, Juhasz and Shelah in [10] 
from a weaker additional axiom. 

Colorings of infinite graphs are discussed in Section 5. The GCH is elimi- 
nated from the infinite case in the classical Erdos-Hajnal theorem [3] on the 
connection between coloring numbers and bipartite graphs and a question 
of Alon of whether the coloring number of an infinite graph is bounded by 
some function in the graph's list-coloring number, as is the case for finite 
graph's by Alon's [1], is answered positively. As a corollary, an analog of 
Erdos and Hajnal's "compactness" of finite coloring number [3] is gotten for 
infinite coloring numbers. 

2. Density relations 

Definition 2.1 (Shelah's revised power). Let 9 < X be cardinals. A set 
V C [X] 9 is weakly covering if for every X € [X] e there exists y € [V] <e 
such that X C \jy. 

Shelah's revised #-power of A, denoted A^, is the least cardinality of a 
weakly covering V C [X] e . 

Theorem 2.2 (Shelah's Revised GCH Theorem [23]). For every strong limit 
cardinal p, for all A > p, for every sufficiently large regular 9 < p, 

\® = A. 

Definition 2.3 (Density). Let k < A be cardinals. A set V C [X] K is dense 
in [X] K if for every X € [A] K there is Y G V such that Y C X. The density 
T>(\, k) of [X] K is the least cardinality of a dense V C [X] K . 

Claim 2.4 (Basic properties of density). (1) If X C Y and V C [Y] K 
is dense in [Y] K , then V n [X] K is dense in [X] K . 

(2) V(X,k) is increasing in X. 

(3) If (Xi : i < 9) is (^-increasing, T>i C [Xi] k is dense and ci9 ^ cfre 

then IJi<0 T^i * s dense in [Ui<6»^] K - 

(4) If X = (Xi : i < 9) is increasing with limit X, cf9 / cfz-c and 
V(Xi, k) = Xi, then V(X, k) = X. 

(5) // cf;U = cf/« < p then V(p, n) > p. 

Proof. Item (1) is follows from the definition of density and (2) follows from 
(1). Item (3) follows from the simple reason that for every Z 6 [Uj<e^*] K 
there is i < 9 such that \Z fl Xi\ = k if cf«; ^ cf9 and (4) follows from (3). 

The inequality (5) follows by the diagonalization argument in the standard 
proof of the Zermelo-Konig lemma; in fact, that argument shows that there 
exists an almost disjoint T C [p] K of cardinality > p, which implies that 
V(p,K)>p. □ 



4 



MENACHEM KOJMAN 



By (4) and (5) above it follows that T> (A, k) is not increasing in k. For 
every infinite cardinal v, P(D w (z>), ~Ro) > by (5) while D(H tJ (^), Ni) = 

X(z>) by (4) since Pp»,«i) = 1 n {v) for all n > 1. 

Definition 2.5 (Two-parameters density). For k\ < k,2 < 9 let T>(9, k±, K2) 
be the least cardinality of a set V C [9] Kl with the property that for every 
X G [9] K2 there exists Y G D sucft tfurf FCI. 

For a fixed and m, P(0, m, K2) is decreasing in K2 and for fixed and 
«2 it is increasing in k\ < K2- In particular, T>(9,k±) > V(9, k±, K2) if 
K± < K2- This inequality can be strict. For example, P(D w ,Ho) > ^ = 

Lemma 2.6. Let p be a strong limit cardinal. For every A > p there is some 
0(A) < p such that for every 9 < p with cf9 > 0(A) it holds that T>(X,9) = X. 

Proof. Let A > p be given and let 9(X) < p be fixed by Shelah's Revised 
GCH theorem such that for every regular 9 G (0(A), /t) it holds that A^ = A. 

Assume first that 9 G (0(A),//) is reg ular. Let V C [X] 9 witness A^ = A 
and, as 2 e < A, assume that X € V => [X] e CD. If Z G [X] e is arbitrary 
fix y G [V] <e such that Z Q\jy. As 9 is regular, there is X G y such that 
F:=ln2 has cardinality 9. Since F6P and Y C Z, we have shown that 
P is dense in [A] e . 

Assue now that 6* G (0(A), /i) is singular and satisfies cf0 > 0(A). Write 
= X^i< c f6» 0» w ^ tn ^ = > @W f° r eacn Next fix dense X>j = 
{A^ : a < A} C [X] 6 ' and dense T C [cf0 x A] cfe with \T'\ = A. The set 
{Y G T : i < cf0 =>■ |Y" n ({i} x A)| < 1}, namely, all members of T which are 
partial functions from cf0 to A with domain cofinal in cf0, has cardinality A 
and for every / : cf0 — > X there exists Y G T such that Y C /. 

Let 

■D={{J{X* a :(i,a)€Y}:Y£T}. 
Clearly, V C [A] 61 and |2?| = A. 

Given any Z G [A] , define /(«) = min{a < A : X^ C Z} for i < cf0. 
Now Ui<cf(? x /(i) G t z f- There is some y e T such that Y C f. The set 
U{A^ : (i, a) G Y} therefore belongs to [Z] 9 flD. □ 

Now formula (5) follows. 

Corollary 2.7. For every infinite cardinal v and p > ^(u), for all but 
finitely many n < oj it holds that 

(6) v(p,n n (u)) = P . 

I thank S. Shelah for pointing out to me the next lemma. 

Lemma 2.8. Suppose p is an strong limit cardinal. Let x be a sufficiently 
large regular cardinal and 5 < \ * s a limit ordinal. Suppose a sequence 
(Mi : i < 5) of elementary submodels of (H(x), £,■■■) satisfies: 
(1) Mi C Mj + i and Mj = Ui<j when j < 5 is limit; 
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(2) (Mj :j<i)e M i+ i for all i < 5; 

(3) /tCM and |M;| C Mi for all i < 5. 

Then there exists < p such that Ms f~l [M$] K is dense in [M$] K for all k 
such that < cin < k < p. 

Proof. Denote A = \Ms\ and for i < 5 denote Aj = \Mi\. Let k(*) < p 
be such that T>(X,n) = A for all k < p with cf/t > k(*). By increasing 
if necessary, we assume that cf(5 ^ Given i < 5 and k such 

that < cfK < k < n, there exists a dense C [Mj] K in Mj + i of size 
P(Aj,K) by elementarity. As A» < A, it holds by 2.4(2) that |Pf| < A for all 
z < <5. Since Pf G M 5 and |Df | < A C M s , it follows that Vf C M 5 . Now 
^ K := Ui<<5^ — ^8 for all k < ix with cf/t > and has cardinality A. 
As cf(5 / cfK for such k, the set P K C Ms is dense in [M,5] K . □ 

3. FlLTRATIONS WITH RESPECT TO ANTI-MONOTONE SET FUNCTIONS 

Every infinite subset of a structure with countably many finite-place op- 
erations is contained in a subset of the same cardinality which is closed 
under all operations by the downward Skolem-Lowenheim theorem. Also, 
the union of any increasing chain of closed sets is closed. 

If infinitary operations are admitted, both facts are no longer true and 
counter-examples for an infinitary Skolem-Lowenheim are easily found. 

The main theorem of this sections asserts that for anti-monotone set- 
functions a version of the Skolem-Lowenheim theorem and nitrations to 
closed sets exist without appealing to additional axioms. 

Definition 3.1. (1) A filtration of an infinite set V is a sequence of 
sets (D a : a < k) for some cardinal k which satisfies: 

(a) |£) a | < 

(b) a<(3<K^D a (ZDp 

(c) If a < k is limit then D a = U/3< a ^/3- 

(d) V = lU.0«- 

Condition (c) in the definition is the continuity of (D a : a < k). 

(2) Suppose V is an infinite set and C C V(V). A C-filtration of V is a 
filtration (D a : a < k) such that D a £ C for all a < k. 

(3) We say that V is C-filtrable ; for C C V(V), if there exists a C- 
filtration of V . 

Theorem 3.2. Suppose C C V(V), I ^ is countable and p < \V\ a 
cardinal. Suppose Si C C for i £ I and: 

(1) For every i € /, the union of every chain of sets from Si belongs to 
C. 

(2) For every p < 6 < \V\ there exists i € I such that for every set 
A G [V] 6 there is D G Si such that ACDe [V] 9 . 

Then V is C-filtrable. 
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Proof. Let A := \V\. 

Assume first that cfA > No- Fix an increasing and continuous chain of 
sets (A a : a < cf A) such that V = Ua<cfA A a and \A a \ < A for each a < cfA 
and \Aq I > p. Denote 9 a := \A a \ < A. 

As cfA > No is regular and / is countable, we may assume, by passing to 
a subsequence, that for some fixed i G I it holds that for every a < cfA and 
every B G [V] da+1 there is D G Si such that B Q D and |D| = 

Define inductively D a for < a < cfA. For limit a < cfA let D a = 
U/3< a Dp. For a = j3 + 1 choose D a G <Sj which contains A a U U/?<» -^/3- 

y = Ua<cfA si nce A a C D a for all a < cfA, and as D a+ \ G Si, each D a+ i 
belongs to C. By (1) D a e C for limit a < cfA as well. Thus (D a : < a < 
cfA) is a C-filtration. 

If cfA = No fix an increasing union A = U n<UJ A n with \A n \ < A and 
|A)| > p and let D n+ i = K(A n+1 U D n ). By (2), \D n+1 \ = \A n+1 \ hence 
(D n+ i : n < oj) is a C-filtration. □ 

Definition 3.3. Let V be a nonempty set. 

(1) A notion of closure over V is a family of sets C C V(V) that satisfies: 

(a) 0,y eC. 

(b) D 1 ,D 2 €C=>D 1 \JD 2 €C 

(c) P| X G C /or a// A C C. 

(2) ^4 function A : V(V) — > "P(V) is a closure operator z/ satisfies 
Kuratowski's closure axioms: 

(a) A(0) = 0; 

(b) 4 C A(A) /or 4 C V ; 

(c) A(A(A)) = A(A) /or A C 

(d) A(,4 UB) = A(A) U A(i?) for A,B CV. 

(3) ^4 notion of semi-closure over V is a family C C ^(V) which satisfies 
V £ C and f)X £ C for all X <Z C. 

(4) ^4 function A : V(V) — >■ P(V) is « semi-closure operator if it sat- 
isfies Kuratowski's axioms (b) and (c) and the following implication 
of(d): 

(d') iia 2 CI^ K(A ± ) C A(A 2 ), 

(5) Given a notion of semi-closure C C Zei Ae(^4) = D{-^ : ^ C 
D G C. Conversely, given a semi-closure operator A : V(V) — > V(V) 
let C K = {D:D = K{D) C V}. 

For every semi-closure operator A on a set V it holds that A = Kq k and 
for every notion of semi-closure C it holds that C = Ck c ■ If A is a closure 
operator then Ck is a notion of closure and if C is a notion of closure then 
Ac is a closure operator. Thus, notions of [semi] -closure and [semi]-closure 
operators are interchangeable. 

Definition 3.4. Suppose that F : V(V) —> V(V) and k is a cardinal. Denote 
by F K the restriction F \ [X] K to sets of size k. The subsets which are 
closed under F K form the following notion of semi-closure Cf,k = {D : D C 
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V A (Y G [D] K =>- F(Y) C D)}. Let Kp K denote the semi-closure operator 
corresponding to Cf,k and let us refer to sets D G Cf,k as F K -closed sets. 

Definition 3.5. A function F : ViX) — > ViX) is anti-monotone if A C 
BCI=> F(B) C 

Claim 3.6. Suppose F : V(V) — >■ ^(V) is anti-monotone and k is 
an infinite cardinal. Then: 

(1) K_p jK is a closure operator. 

(2) An increasing union \J a<e D a of Kp^-closed sets is Kp^-closed if 
cf0^cf/s 

Proof. We verify axiom (4). If X G [^4U-B] K then, since k is infinite, |XnA| = 
k or \XnB\ = k, so by anti-monotonicity F(X) C if (A) or F(X) C if(-B). 

Assume now that D = Uq<6» A ^ s an increasing union of ifjr K -closed 
sets and cf# / cin. Let X G There exists some a < 9 such that 

X n D a G [-D Q ] K . Since D a is .ft> iK -closed, F(X n D Q ) C D a and by anti- 
monotonicity F(X) C F(X n □ 

Lemma 3.7. Suppose V is a set and F : V(V) — > "P(V) is anti-monotone. 
Suppose K\ < K2 < p are cardinals and \F(X)\ < p for all X G Let 
K = K FtK2 . If > p satisfies V(9,k 1 ,k 2 ) = 9 then \K(A)\ = 9 for all 
A G [V] 9 '. 

Proof. Given A G [V] e put A = A and for ( < k\ define A c G [V] 6 
inductively For limit £ < k\ let A^ = U^<^ ^-(.i which is of cardinality 9. 
To define Ac+i for ( < fix, by the assumption T>{9, n\, k 2 ) = 9, a set 
F>C C L4 ? ] Kl of cardinality with the property that for all y G [A^ 2 there 
exists X eV c such that I C y and let = A c U LK^PO : ^ G ^ci' 

which is of cardinality # since p < 9. 

For every X G [A K +] K2 there is some ( < k\ such that Y G [A^] K2 and 
hence there is some IeD ( such that X C Y. As F(y) C F(X) C A c+ i, 
it holds that F(y ) C ,4 + , so A + is if -closed. □ 

2 2 

Lemma 3.8. Suppose p is a limit cardinal and F : V(V) — >■ is emii- 

monotone. If p > p and every V Q V of size p + is F^-filtrable, then there 
is some v < p such that \F(X)\ < p for all X G [V] u . 

Proof. Assume that \V\ > p + and that every V' G [V] p+ is i^-filtrable. Fixe 
(Xi : i < p) such that \X\i < p and lim |JQ| = p and |F(Aj)| > p + and let 

V CVbe such that {J^Xi C V and |-F(-X» n F'| = p+ = If U^< P + 
is a filtration of V' there is some £ < p + such that Ui<^ X{ C D^. □ 

Theorem 3.9 (Asymptotic nitrations for anti-monotone set functions). Let 

f 6e an infinite cardinal and denote p := ~^ w {v). Let V be a set of cardinality 
\V\ > p and suppose F : V(V) — >■ V(V) is an anti-monotone function. If 
there exists a cardinal p > p such that p < \V\ and \F(Y)\ < p for every 

V G [X] v then V is K F ^-filtrable. 



8 



MENACHEM KOJMAN 



Proof. Let C be the family of all iQ^-closed subsets of V. Let n n denote 
3 n (V) and let K n = Kf, Kji - Let S n be the collection of all iT n -closed subsets 
of V. We check that conditions (1) and (2) in Theorem 3.2 are satisfied for 
C and {S n : n < uj}. 

As K n < p and F is anti-monotone, it holds that S n C 5 ra+ i C C for all 
n. The union of any chain of sets from S n belongs to S n+ i C C by Lemma 
3.6 (2). 

To verify condition (2) let > p be given. By Lemma 2.6, there ex- 
ists m{9) < co such that D(0,K n ) = 6 for all n > m{6). By Lemma 3.7, 
\K n (A)\ = 6 for A € [V] 61 for all n > m(0). 

Now V is if ^-filtrable by Theorem 3.2. □ 

Corollary 3.10. If \V\ = A = cfA in the previous theorem, then for every 
enumeration V = {v a : a < A} the set of a < A for which {vp : j3 < a} is 
F^-closed is a club of X. 

We remark that each S n is in fact the collection of closed sets with respect 
to a closure operator and that m < n =>- S m C S n . Neither of these two 
properties was required in Theorem 3.2. 

The following lemma relates nitrations to elementary chains of models: 

Lemma 3.11. Suppose F is anti-monotone, \F{X)\ < p for all X € [V] u 
and p > p = Il^fV). Then for every chain {Mi : i < A) of elementary 
submodels of a sufficiently large (if(x),e) which satisfies p C Mq, |Mj| C 
Mi\, V,F e M and (Mj : j < i) € M i+1 the set D { := Mi (~)V is F^ closed 
for every limit i < A. If |Mj| < A := \V\ then {Di : i < X is limit) is a 
p-filtration of V. 

Proof If M ~< (H(x), €, . . . ) and V, F £ M, p C M, then for every X € 
M n [V] K for i/ < k < v the set belongs to M and |F(X)| < p, hence 

C M. Thus, if M n [F] K is dense in [V] K , the set V D M is K-closed. 
By 2.8 this is the case for Mj for all limit i < X. 

If indeed |Mj| < A for all i the |A| < A. The fact that \J i<x Di = V 
follows from V € M and A C |J i<A Mj. □ 

3.1. Assuming mild restrictions on cardinal arithmetic. Tighter fil- 
tration theorems follow easily from mild restrictions on cardinal arithmetic. 
Erdos and Hajnal used the GCH and a theorem of Tarski [24] in [2, 3] to 
get nitrations. In [10] nitrations were obtained from a much weaker cardinal 
arithmetic assumption than the GCH: For some k it holds that k u = n and 
every p > k with cofinality p + is closed under the function x^i 11 . See Def- 
inition 2.3 and Theorem 2.4 in [10] there for more details. The consistency 
of the negation of this assumption requires the consistency large cardinal 
axioms. 

A relaxation of this cardinal arithmetic assumption is used in the Lemma 
3.13 below. 
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Claim 3.12. Suppose k = cin > v > Ko; ^('S v) = k and for every singular 
9 > 2 V of cofinality k the cardinals 5 < 9 which satisfy T>(5, v) = 8 are 
unbounded in 6. Then T>(8,v,k) = 9 for every 6 > 2 V . 

Proof. By induction on 9 > k. For 9 = k the equality V(6, u, k) is assumed, 
so assume 9 > k. 

Case 1. cf9 ^ k. For every k < a < 9 fix, by the induction hypothesis, 
T^a Q [a} u of cardinality \a\ such that for every X £ [a) v+ there exists 
Y £ T> a such that Y C X. Let V = [] K<a<e V a . Clearly, V C [8] u and 
\T>\ = 9. Since cf9 ^ k, for every Y £ [9] K there exist unboundedly many 
a < 9 such that \Y PI = k. Let a > k be such an a and by the choice of 
V a there exists some Y € P a C V such that FCI 

Case 2: cf# = k. By the assumption, fix (9i : i < z^ + ), an increasing 
sequence of cardinals with limit 9 such that T>(9i,v) = 9i and let T> = 
\Ji <K T>i where T>i C [^j]" is of cardinality 9{ and dense in [9i\ v . Given 
X £ [9] K there exists some i < k such that |X n 0j| > v and hence there 
exists Y £ T>i C X» such that FCI □ 

Lemma 3.13. Suppose F : P(V) — > ^(V) is anti-monotone, v < k = cf« < 
p < |F| and that \F(X)\ < p for all X £ [V] u . Assume: 

(*) V(k, v,k) = k and for every cardinal 9 > k of cofinality k the set of 5 < 9 
which satisfy T>(5, v) = 5 is unbounded in 9. 

Then V is F K + -filtrable. 

Proof. Let C C V(V) be the collection of all F K +-closed sets and let S C C 
be the collections of all F K -closed sets. By Claim 3.12, for every 9 > k it 
holds that T>(9, u, k) = 9, so by Lemma 3.7, every 9 > p is contained in an 
i^-closed set of the same cardinality. C-filtr ability follows now from 3.2. □ 

For every u it holds that V{2 U ,v) = 2 U and 2?((2")+, i/) = (2")+. 

Corollary 3.14. Let v = cfu be infinite and denote k = (2 V ) + . If condition 
(*) holds for k then Lemma 3.13 follows. 

Thus, for the filtration theorem in the (2 U ) + version not to hold for suf- 
ficiently large v a model of set theory in which there is no bound on the 
size of jumps between a strong limit cardinals and their power. Such models 
can be constructed with Prikry-Silver type methods from a proper class of 
suitable large cardinals. See for example [7]. 

3.2. The need for p > ~2 w {v). Is the restriction p > ~2 u (i>) optimal in 
Theorem 3.9? This is not known at the moment. But something can be 
said about it: improving it will be at least as hard as proving one of the 
following versions of Shelah's Weak Hypothesis, indexed by n > 0: 

(SWH n ) There are no infinite v and p such that Uniy) < P < ^uj( u ) an d 
T = {A a : a < p + } C [p] p satisfies \A a n Ap\ < v for a < (3 < p + . 
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Shelah's Weak Hypothesis is a dynamic statement whose evolving con- 
tents is the weakest unproved pcf-theoretic statement. It is formulated in 
terms of patterns in Shelah's function pp. See [21] for the translation of SWH 
from pcf to almost disjoint families. The negations of first two versions of 
the SWH have been shown consistent. Gitik [7] showed the consistency of an 
to sequence of cardinals with pp of each exceeding the limit of the sequence. 
SWH was then revised to the statement that there was no such uj\ sequence. 
Recently, Gitik [6] proved the consistency of the existence of an oj\ sequence 
of cardinals with the pp of each exceeding the limit of the sequence. 

Shelah's believes that the negations of the versions above will eventually 
be proved consistent. 

Suppose that D„(zv) < p < ^(u) and F = {A a : a < p + } C [p] p satisfies 
\A a fl Ap\ < v for a < (3 < p + . Let V = pi)F and let F(X) = {a : X n p C 
A a } U PlA&xnT A- This is an anti-monotone function and for every X with 
\X\ > u + it holds that \F(X)\ < v. Yet, there is no filtration of V to in- 
closed sets, as p would have to be contained in one of the parts, and every 
F^-closed set which contains p is equal to V. 

Thus, improving in ZFC ^(z^) in Theorem 3.9 to some ^(zv) would imply 
the n-th version of the Shelah Weak Hypothesis. If the negations of (SWH n ) 
are consistent for all n > 0, then is indeed optimal. 

4. Splitting families of sets 

Following [2] let us say that a family F of sets satisfies condition C(A, k) 
if the intersection of every subfamily of F of size A is of size strictly less 
than v. Miller [18] define "property B of a family of sets F as: there exists 
a set B such that B n A / and A % B for all A € F and proved that 
for every infinite p, every p-uniform family of sets that satisfies C(p + ,n) 
for some natural number n satisfies property B. Erdos and Hajnal [2] used 
Miller's method to prove from the assumption GCH that every ^-uniform 
family that satisfies C(p + ,u) for an infinite cardinal v satisfies property B 
if p > v + . 

More results with the GCH followed along this line [14, 15, 10, 11]. 
Komjath [14] proved from the GCH that for v + < p every p-uniform F 
which satisfies C(p + ,i / ) and is also almost disjoint is essentially disjoint, 
that is, it can be made pairwise disjoint by removing a set of size < p from 
each member of F. 

Komjath [15] investigated further the property of essential disjointness 
which he introduced in [14] (under the name "sparseness" ) and proved that 
the array of cardinalities of pairwise intersections in an Ko-uniform a.d family 
determines whether the family is essentially disjoint or not. 

In [10] the authors proved a general theorem which implied many of the 
Miller-type theorems known at the time and derived also new combinatorial 
and topological consequences with it by assuming as an additional axiom a 
relaxation of the GCH to a weak version of the Singular Cardinal Hypothesis. 
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Definition 4.1. Let F be a family of sets. 

(1) The universe of F is the set \J F, and is denoted by V(F). 

(2) Given U C V(F) let F{U) = {F n V{U)} = {A : A G F A A C 17}. 

(3) is p-uniform, for a cardinal p, if \A\ = p for all A £ F. 

Definition 4.2. Suppose that F is a family of sets and V = V(F). 

(1) A set U C V is n-closed, for a cardinal n, if \A n U\ > n => A C J7 
/or a// A G J". 

(2) 7ei F : 7>(V) ->■ V(V) be defined by 

F(X) = \J{A :XCAeF}. 

Claim 4.3. For every family F with V = V(F) and cardinal k, 

(1) The collection C K of all n-closed sets is a notion of semi-closure over 
V and if k is infinite then V K is a notion of closure. 

(2) IfU CV is n-closed and A G F is not contained in U then \AC\U\ < 

K. 

(3) The function F defined above is anti-monotone. 

(4) For every U QV, U is n-closed iffU is Kp^-closed. 

(5) If Ki < k-2 are cardinals then C K1 C C K2 . 

(6) If F is p-uniform and k < p then a set U C F is n-closed iff F(U) = 
{A : A G FA \ADU\ > k}. 

(7) Abusing notation, we say that a subfamily F' C F is n-closed if 
V{F') is n-closed and we denote by Kp^(F) the family F(Kp^(V(F))). 

Definition 4.4 (Disjointness conditions). (1) J 7 is almost disjoint (a.d.) 
if \A (~l B\ < min{\A\, \B\} for distinct A,BeF. 

(2) F is u-disjoint, for a cardinal v, if \A PI B\ < v for any two distinct 
A,BeF. 

(3) (Miller [18], Erdos and Hajnal [2]) F satisfies condition C(9,v) 
for cardinals 9,v if \ f]A\ < v for all A G [F] e (so, C(2,u) is v- 
disjointness). 

(4) (Komjdth [14], Hajnal, Juhdsz and Shelah [10]) F is essentially dis- 
joint (e.d) if there exists an assignment of subsets B(A) G [ J 4] < l j4 l 
for all A G A such that the family {A \ B(A) : A G F} is pairwise 
disjoint. 

(5) F is v-e.d if for every A G F there exists an assignment B(A) G [A\ v 
such that {A\B(A) : A G F} is pairwise disjoint. Remark: in [] the 
name sparse is used instead of e.d. 

Claim 4.5. (1) Suppose F is p-uniform and satisfies C(p + , v) for some 
v < p. Ifv<n<p<6 and D(0, n) = 6 then for every U G [V] e it 
holds that \{A G F : \A D U\ > n}\ < 9. 
(2) Suppose v is an infinite cardinal, p = ^(v), p > p and F is a 
p-uniform family with univers V. If F satisfies C(p + ,i / ) then for 
every 9 > p and F' C F, \F'\ = 9 \V(F')\ = 9. 
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Proof. To prove (1) fix a dense T> C [U] K of cardinality 9. If \A C\ U\ > n 
for some A G J then there exists X G V such that I C i. By C(p + ,u) 
and v < k, each X € P is contained in no more than p members of F, so 
\{A G F : (3X G V){X C 4)}| <flxp = fl. 

For (2) assume first that ^(J 7 ')) = 9 > p. Let n be such that T>(9, n n ) = 9 
(where k„ = 1 n (is)). Clearly J"(C7) C {,4 G 7" : |A n f/| > «„} which, by (1), 
has cardinality < 0. The converse implication is trivial. □ 

By the above lemma, for all sufficiently large n it holds that \K n (F')\ = 
\F'\ if \F'\ > p. 

Lemma 4.6. Suppose v is an infinite cardinal, p = ^(u), p > p and F is 
a p-uniform family with univers V such that \V\ > p. If T satisfies C(/? + , v) 
then V is p-filtrable. 

Proof. The function F defined above is anti-monotone, for every X € [V] u 
it holds that \F(X)\ < p by C(p + ,v) and p < \V\. By Theorem 3.9, V is 
KF^-Sltrable hence ^i-filtrable. □ 

The next theorem extends Miller's Theorem 2 from [18]. Miller's theorem 
concludes property B from C(p + ,n) for a finite n. The conclusion here is 
stronger than the existence of disjoint refinement and v can be either finite 
or infinite. 

Theorem 4.7. Suppose v is a cardinal and p > p := D w (z/). For every 
p-uniform family F that satisfies C(p + , u) there exists an enumeration F = 
{A a : a < \F\} and a family of sets {d a : a < \F\} such that 

(i) d a e [A a ] p for every a < \F\ and (3 < a < \F\ dp PI d a = 0; 
(ii) \{/3 < a : Ap n d a / 0}| < p for all a < \F\. 

Proof. Let A = and we prove the theorem by induction on A. If \F\ < 
p fix any enumeration F = {A a : a < A}. Every p-uniform family of 
cardinality at most p has a disjoint refinement, so we can fix d a £ [A a ] p 
so that a < (3 < A dp n d a = 0. This settles (i). Conclusion (ii) holds 
trivially as A < p. 

Assume that A > p. Since F satisfies C(p + , u) it is /i-filtrable by 4.6. For 
finite v, filtrability is proved in Miller's [18] and does not require 4.6. 

Fix a strictly increasing and continuous union F = UiHi : i < cfA} of 
//-closed families Hi, with |Ho| > p and |"%| < A. 

Put F[ = %i\ Uj<i f° r i < cfp and let F{ = F'j for the least j > i such 
that Fj is not empty. 

Now {Fi : i < dp} is a partition of F, \Fi\ < A for each i and A G F{ 
implies that 



j<i 

Denote A« = \Fi\. As Aj < A for every i < cfA and F{ satisfies C(p + , v), 
the induction hypothesis allows us to fix for each i an enumeration Fi = 



(7) 
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{A^ : 7 < AJ and {d 1 ^ : 7 < AJ such that d'^ G [A^^] p for each 
7 < Aj, d'^ ^ n d'^ ^ = for all 7 < 5 < Aj it holds that and for each 7 < Aj: 

(8) |{«5< 7 :%5)n4 i7) ^0}|< / 9. 
For i < cfA and 7 < Aj define 

(9) ^ 7) :=d' ( . 7) \ljy(^). 

By (19) and rf'^ > C A(j )7 ) it holds that |d(i, 7 )| = P- 

Let I = : ? < cf A A 7 < Aj} be well-orderede by the lexicographic 

ordering <i x of pairs of ordinals. As |/| = A and each proper initial segment 
of / has cardinality < A, it holds that (I, <i x ) is order-isomorphic to A. 

Identifying A with (I, <i x ) we now have an enumeration F = {^4(j i7 } : 
G /}. The sets d(j iS ) G L4(j j7 }] p have been defined in (9) for each 
(i, 7) G / and satisfy d/gj\ C\du a \ = for (j, 5) 7^ (i, 7) in /. This shows that 
the enumeration of F and the family {d(j i7 ) : {i, 7) G /} satisfy conclusion 
(i) of the theorem. 

To show that (ii) also holds, let (i, 7) G / be arbitrary and let 

(10) X = {{j, 5) < lx (i, 7) : A m n d {i>7) / 0}. 
If j < i then (j, 5) £ X as A^^ n d(j )7 ) = by (9), hence 

(11) X = {{i, 5) < tx (i, 7) : A {itS) n d (i>7) ^ 0}. 

As d(j i7 ) C d'^ 7 ^, it follows from (8) that \X\ < p. □ 

Theorem 4.7 and Lemma 4.6 have more implications. In the next corollary 
(1) extends to infinite v the case of p-uniform F in Theorem 3 of [14] and 
eliminates the GCH from a stronger form of a Theorem 6 in [2]; (3) eliminates 
the additional axiom A(v, p) from Theorem 2.4 in [10] for sufficiently large 
p — in the notation there, ED(zv, p) for all p > ^(f) in ZFC. (2) is a 
generalization of (3); (4) eliminates the GCH from Theorem 5 in [14] for 
sufficiently large p. 

Corollary 4.8. Iff is infinite and p > p : = H w (^) then for every p-uniform 
family F: 

(1) If F satisfies C(p + ,v) then F has a disjoint refinement. 

(2) If F satisfies C(p + ,is) and for a cardinal p <9 < p every subfamily 
of F of cardinality p is 9-e.d then F is 6-e.d. 

(3) If F is v-a.d then F is e.d. 

(4) If p is regular and F is a.d and satisfies C(p + ,u) then F is e.d. 

Proof. (1) follows directly from the theorem. 

To prove (2) let \F\ = A > p and assume, by ^-filtrability, that F is 
partitioned to {H a : a < A} such that \H a \ < A and \A n U/3< Q < A* 

for all A G % a . Fix, by the induction hypothesis, B a (A) G [A} <e for all 
A G H a such that {A \ B a (A) : A G Ti a } is pairwise disjoint. For A G F let 
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B(A) = B a (A) U(An U /3<a V(Hp)) for the unique a such that A G U a . As 
|An|J^ <Q V{Up)\ < flit holds that < 9. Clearly, : A G J 7 } 

is pairwise disjoint. 

For (3): every v-a,.d. p-uniform family satisfies C(2,v) hence C(p + ,v). 
If T' C J 7 has cardinality p and is well ordered by J 7 ' = {A a : a < p} let 
S(A a ) = ^4 a n U/3 <a A/3. The cardinality of i? a is strictly smaller than p 
and {A a \ B a '■ ol < p} is disjoint. Now (3) follows from (2). 

For (4), as p is regular and T is a.d, every subfamily of T of cardinality 
p is e.d and now use (2). □ 

Neither of the corollaries above required conclusion (%%) of Theorem 4.7. 
A generalization of his condition is used for the next theorem on list conflict- 
free numbers. 

Definition 4.9. (1) A coloring c ofV(J-) for a family of sets T is con- 
flict free if for every A £ J 7 there is x G A such that c(x) ^ c(y) for 
ally e A \ {x}. 

(2) The conflict free number xcf(F) is the smallest cardinal k for which 
there exists a conflict-free coloring c : V(F) — > k. 

(3) The list-conflict-free number X£Cf(F) is the smalles cardinal k such 
that for every assignments L of sets L(v) to every v G V which 
satisfies \L(v)\ > k there exists a conflict-free coloring conV which 
satisfies c(v) G L(v) for all v G V. 

Clearly, every u-e.d family T has a coloring by i/-colors such that all but 
< v colors in each A G T are unique in A. 

Claim 4.10. Let p > 9 > be cardinals and let J 7 is a nonempty p-uniform 
family. Suppose there exists an enumeration T = {A a : a < A} and a family 
{d a : a < A} such that 

(i) d a G [A a ] e for every a < A and (3 < a < A => dp n d a = 0; 
(Hi) \{/3 < a : Ap n d a ^ 0}| < p for all a < A. 
Then 

(1) For every list- assignment L(v) for v £ V with \L(v)\ > p + there 
exists a coloring c G n^ev L{y) suc ^ that for every a < A and every 
x G D a the color c(x) is unique in A a . 

(2) X£C f(F) <P + - 

Proof. Assume that L(v) is given with \L(v)\ > p + for all v G V^). For 
each a < A enumerate d a = {xi a> i\ ■ i < 9). Define c G Il^gy arbitrarily 
on V \ \J a< \d a . Next define c(xi ai \) by induction on the lexicographic 
ordering on A x 9. Suppose c(x^^) is defined for (l3,j) <i x (a,i). Define 

(12) F(x {aA ) = {c{y) : (3/3 < a) [x {a>i) G Ap A y G Ap A c(y) is defined]} 
and choose 



(13) 



4 x (a,i)) G L(x(a,i))\F(x {ct)i) ). 
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By the assumption (3), \F(x( a ^)\ < p, so as \L{x^ a ^)\ > p + the set 
L(x/ ai \) \ F(xi a ^\) is not empty and therefore c(x( a ^) can be chosen as 
required in (13). 

To prove that the color c(x( a ^) is unique in A a for every a < A and i < 9 
suppose that a < A and i < 6 are given and z € A a \ {x^ a ^}. If c(z) is 
defined at stage (a,i) of the inductive definition, then c(z) G F(x/ a:i \) by 
(12) and hence c(x^ a ^) ^ c(z) by (13). 

Otherwise, there is some f3 > a and j < such that z = x^jy This 
means that x^j^ £ A a . As c(x( a ^) is defined at stage (/3,j), it follows by 
(12) that c(x {a>i) ) G Fixtfj)) and c(z) = c(x (/3J)) ) ^ c{x {aA ) by (13). □ 

By combining Theorem 4.7 with the Claim 4.10 we get: 

Corollary 4.11. For every infinite v and p > ^(v), every p-uniform family 
which satisfies C(v,p + ) satisfies Xecf(F) < p + . 

In [11] it was proved that a k- uniform family which is r-a.d for finite r has 
countable conflict-free number. See also [16], where the uniformity condition 
is removed. 

4.1. Comparing almost disjoint families. We conclude this section with 
a generalization of a theorem of Komjath on comparing families of sets. 

Definition 4.12. Two families of sets T and Q are similar if there is a 
bijection f : F -+ Q such that \AnB\ = \ f(A) n f(B)\ for all A,B £ F. 

Komjath [15] addressed the following question: which combinatorial prop- 
erties of No- un if° rm families are invariant under similarity? Property B and 
the existence of a disjoint refinement are not similarity invariant even for uni- 
form families, as one can replace A € F by ALiD(A) where D(A)(~)D(B) = 
for distinct A,B £ F and obtain an equivalent family which has a disjoint re- 
finement from a family which does not satisfy property B. However, Komjath 
proved: 

Theorem 4.13 (Komjath [15]). Suppose F and Q are ^-uniform, almost 
disjoint and equivalent. If F is e.d. then also Q is e.d. More generally: G 
is e.d if F is and there exists a bijection f : F — > Q such that \AC\B\ > 
\f(A)nf(B)\forallA,BeF. 

The cardinal Ho is strong limit and regular, that is, strongly inaccessible. 
As a corollary of the next theorem, Komjath's theorem extends from No to 
all strongly inaccessible cardinals, but actually more is proved. 

Theorem 4.14. Suppose p is a strong limit cardinal and p > p. Suppose 
F = {A a : a < A}, Q = {B a : a < A} are p-uniform and for every a < (3 < A 
it holds that 

(14) \A a r)Ap\>\B a nBp\. 

Then if F is < p-essentially disjoint, so is Q, provided that every subfam- 
ily of Q of cardinality p is p-e.d. 
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Proof. Let C a G [A a ] <tl be fixed for all a < A such that (A a \ C a ) Pi (Ap \ 
Cp) = for all a < (3 < A. We prove by induction on A > p that Q is 
< p-e.d. If A = p then Q is p-e.d by the assumption that every subfamily of 
Q of cardinality p is p-e.d. 

For singular A > p the conclusion follows from the induction hypothesis 
by Proposition 5 in [14]. 

Assume then that A > p is regular. We may assume that V(J-) = V(Q) C 
A. As T is < p-n,.d. it follows that (^(J 7 )! = A, so we assume that actually 
V(T)=_X. 

Let M = (M a : a < A) be an elementary chain of models M a -< (H(£l), G 
,-<) for a sufficiently large regular Q such that J-*, Q G Mo and also the 
function A a h-> C a belongs to Mo, such that: 

(1) p C M and a < /3 =>• M a C Mg. 

(2) M a n A G A and |M Q | C M a . 

(3) (Mp : /3 < a) G M a+1 . 

Let 5(a) = M a n A. 

For each ordinal 7 < 5(a) there is at most one f3 < A such that 7 G 
Ap\Cp. Thus, whenever 7 G \ Cp and 7 < 5(a) for some a < A, by 
elementarity Ap G M a and hence Ap C 5(a). If /? > 5(a), then, it follows 
that ^ n 5(a) C C^. 

For each /3 < A let k(/3) = |C^|. We get: 

(15) /3 > 6(a) \ApnS(a)\ < k{P). 
and, since 7 < 5(a) => Ay C 5(a), 

(16) /3 > 5(a) > 7 =► |A^ ni 7 | < k(/3). 

By assumption (14), condition (16) can be copied over to Q, that is: 

(17) 0> 5(a) > 7 \Bp n5 7 | < k(/3). 

Claim 4.15. There exists a closed unbounded E C {5(a) : a < A} swc/i i/tai 
/or every 5 G E and j3 > 5 it holds that 

(18) \BpH5\<p. 

Proof of Claim. Suppose to the contrary that S C {5(a) : a < A} is sta- 
tionary and that [3(5) > 5 is chosen for 5 G S such that \Aprg\ P 5| > p. We 
may assume that 5\ < 62 =4> /3(5i) < 62 for #i,#2 G S 1 by intersecting S with 
a club, and by thinning S out assume that k((3(5)) = \Cp^\ = k(*) is fixed 
for all 5 G S. 

The set S' = S P accS 1 is stationary. If 5 G S" then for all sufficiently large 
regular k < it holds that Ms Pi [5] K is dense in [5] K by Lemma 2.8, hence, 
as 1-8/3(5) Pi 5| > /x, for each sufficiently large regular k < p there is A G Ms 
such that \X\ = k and A C Bp^y 
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Define F(S) = X, for each 5 G S', such that X C B m , X G Ms and 
|X| > k(*). By Fodor's Lemma, we can assume that F is fixed on a sta- 
tionary S" C S'. Fix, then, < <5 2 in 5" with F(<$i) = F(<5 2 ) = X G M 5l . 
But now l-B^^) n 5/3(<5 2 )| > |AT| > «(*), and as < <5 2 this contradicts 

equation (17) above. □ 

The conclusion of the theorem now follows from the induction hypothesis. 

□ 

In the case that p = p, = cfp the assumption that every subfamily of Q of 
cardinality p is p-e.d is, of course, superfluous, as Q is a.d by the similarity 
with T and every p-uniform a.d family of regular size p is e.d. 

I do not know if the aforementioned assumption in Theorem 4.14 is nec- 
essary, but at least it is not vacuous: 

Claim 4.16. For every set of cardinals C of limit order-type £ with sup C = 
p, for every cardinal p > p with cip > \(\ that satisfies p [p] 2 ^ there is a 
p-a.d p-uniform family of size p which is not p-e.d. 

Proof. Generally, for every infinite cardinal p and every assignment of car- 
dinals zatq-,/3} < p to for all {a, f3} G [p] 2 there is a p-uniform family {A a : 
a< p} such that \A a n A p \ = v {citfi} for {a, 0) G [pf: let {A {a ^ } : {a,/3} G 
[/o] 2 }U{-B Q : a < p} be a family of pairwise disjoint sets with |^4{ aji g} | = v { a ,i3} 
and \B a \ = p and put A a = B a U UI^Iq,/?} : P e P \ i a }}- 

Fix a function / : [p] 2 ->• C so that ran(/ \ W) = C for all W G [r/io] p 
and find a p-uniform T = {Ai : i < p} such that \Ai Aj\ = f(i,j) for 
i < j < p. Assume to the contrary that T is p-e.d and let B a G [^4 Q ] < ^ t be 
such that {A a \ B a : a < p} is disjoint. Let 6(a) be the lease cardinal in C 
such that \B a \ < 6(a). As cfp > |C|, there is W G [p] p and a fixed 6» G C 
such that |-Bq,| < 6 for all q G W. By the choice of /, there are a < (3 G W 
such that f(a,(3) > 29, hence (Aa\B a )n(Ap\Bp) ^ 0, a contradiction. □ 

We show that for some assignment of f Qj( g < p, every / u + -uniform family 
which realized it is not e.d. 

Todorcevic [25] proved oo\ -fr [wi]^ and Shelah [20] generalized this to 
A 7^ [A] 2 for all regular A with a non-reflecting stationary subset, which 
holds in particular for all successors of regulars. So for these cardinals A it 
holds that A 7^ [X] 2 for every 1 < k < A. 

5. Colorings of graphs 

A graph G is a pair (V, E) where V 7^ is the set of vertices and E C [I/] 2 
is the set of edges. The list- chromatic number xi(G) of a graph G is the 
smallest cardinal k such that for every assignment of lists L(v), each of 
cardinality > k, to all vertices of G there is a proper coloring c of G with 
c(v) G for all v £V. The coloring number of G is the smallest cardinal 
k such that there exists a well-ordering -< of V with the property that 
\{u : u ~< v A {n, u } G E}\ < k for every v G V. 
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List-chromatic numbers were introduced independently by Vizing [26] and 
Erdos, Rubin and Taylor [4]. Coloring numbers were introduced by Erdos 
and Hajnal [3] following a suggestion of Rado. Alon [1] proved that Xt(G) > 
{\ — o(l)) log 2 Col(G) for every finite graph G. In the class of bipartite 
graphs the coloring number has no upper bound, whereas the chromatic 
number is always 2, so there is no function in the chromatic number of a 
graph which bounds the coloring number. 

Erdos and Hajnal proved in [3] : 

Theorem. For every finite n > and infinite p, every graph which does 
not contain a copy of K(n, p + ) has coloring number < p. 

As x(G) < Col(G), and graph with uncountable chromatic number con- 
tains K(n, Ki) for all n and in particular contais a copy of C4 = K(2,2). 
The corollary of the Erdos-Hajnal theorem is more frequently quoted that 
the full formulation, and was surprising at the time, since earlier results of 
Erdos and Hajnal had shown that a graph could omit all cycles of length 
less than a prescribed k and have an infinite chromatic number. 

Theorem 5.1. For every cardinal v and p > p := ^(u), every graph which 
does not contain a copy of K(v, p + ) has coloring number < p. 

Proof Given any graph G = (V, E) let F : V(V) V(V) be defined by 
F(X) = f] v&x G[v] where G[v] = {u : {v, u} G E}. This is an anti-monotone 
function and if there is no K(v,p + ) then < p for all X € [V] u . 

We prove that Col(G) < p by induction on A = \V\. For A < p there 
is nothing to prove. If A > p then by 3.9 there is a partition {D a : a < 
cfA} of V such that \D a \ < A and (J / g< a Dp is F M -closed for all a < cfA. 
Consequently, for v € D a , 

(19) \G[v]n(jDp\<p 

f3<a 

By the induction hypothesis there is a well-ordering -< a on D a such that 

(20) \G[v] n {u : u G D a A u ^ a [v] \ < p. 

Define an ordering -< on V by letting u -< v if u, v belong to the same D a 
and u -< a v or if u G Dp, v £ D a and a < f3. This is a well-ordering and 
\G[v] n {u : u -< v}\ < p by (19) and (20). □ 

5.1. List-chromatic and coloring numbers. Komjath [17] proved that 
for every a > it is consistent that 2 No > N a and every graph G of size 
N a with x(G) < No has Xe(G) < Ho- Thus, for arbitrarily large a it is 
consistent that the complete bipartite graph i"C(N a ,N a ) has countable list- 
chromatic number. As Col(i^(H Q , K a )) = H a , there is no function / for 
which it is provable that Col(G) < N/( a ) for all G with xe(G) < 

On the other hand, x^(i^(«;, 2 K )) = k + for every infinite cardinal k (see 
[17]), so the list chromatic number of K(k, k) is larget than logK. 
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Alon asked if there was a function / from cardinals to cardinals which 
satisfies Col(G) < f{xe(G)) for every graph G. For finite list-chromatic 
numbers an exponential function / is gotten from the conjunction of Alon's 
theorem with [3] provides such a function: suppose that G is infinite and 
Xe(G) = n < Ko then by Alon's [1] every finite subgraph G' of G satisfies 
Col(G') < m for some m < (4 + o(l))2 Xe ^ G \ Erdos and Hajnal [3] proved 
that for every graph G, if every finite subgraph of G has coloring number 
at most ra, for fixed n < Hq, then Col(G) < 2(m — 1), so it follows that 
Col(G) < 2(m - 1). 

Theorem 5.2. Suppose \i is a strong limit cardinal. For every graph G 

Col(G)<X(xe(G)). 

Proof. Let G be given and assume Xe(G) = v > Ko- As Xi{ v i 2") = ^ + the 
graph G is K{u, 2^)-free. By 5.1 it holds that Col(G) < p. □ 

Corollary 5.3. Suppose v is infinite and (i = ll^iy). For every graph G: 

(1) If every subgraph G' < G of cardinality v + satisfies Col(G') < v then 
Col(G) <ii. 

(2) If every subgraph G' < G of cardinality 2 V satisfies xe(G') < v then 
Col(G) <fi. 

Proof. The complete bipartite graph K(u, v + ) satisfies Col(K (v, = v + ■ 
So if every subgraph of G of size u + has coloring number ft, the graph G 
omits K(v,v + ), and hence Col(G) < fi. This proves (1), and (2) is similar, 
byxz{K{v,2")) = v + - □ 
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